Scaling properties of Yang-Mills fields are used to show that fractal structures are expected to be present in system described by those theories. We show that the fractal structure leads to recurrence formulas that allow the determination of non perturbative effective coupling. Fractal structures also cause the emergence of non extensivity in the system, which can be described by Tsallis statistics. The entropic index present in this statistics is obtained in terms of the field theory parameters. We apply the theory for QCD, and obtain the entropic index value, which is in good agreement with values obtained from experimental data. The Haussdorf dimension is calculated in terms of the entropic index, and the result for hadronic systems is in good agreement with the fractal dimension accessed by intermittency analysis of high energy collision data. The fractal dimension allow us to calculate the behavior of the particle multiplicity with the collision energy, showing again good agreement with data.
Main
Fractals are complex systems with internal fine structure featuring scale invariance and self-similarity. Fractal measures, contrary to more conventional quantities for which an increase in resolution results in the same measured value with increased precision, yield different values for different resolutions. A classical example is the lengths of coastlines [1] , which increase significantly if measured with smaller scales: if measured in centimeters, the value is quite different from the one obtained if measure in kilometers. The concept of fractal has found applications in Mathematics, Biology and Physics, among other areas. It has been associated to socioeconomics evolution of cities, as well as to the actual configuration of urban area infrastructure [2] . It can emerge from the system structure or from its dynamical evolution. In geometry, it introduces a new kind of topology and renders beautiful pictures. An interesting introduction to the subject can be found in Ref. [3] . ment with experiments. With the success of QCD, those phenomenological approaches were, to some extent, dismissed. As is shown in the present work, our results reconcile Hagedorn theory with QCD.
Our starting point is the scaling property of YMF, which is expressed in terms of amplitudes or vertex functions, Γ(p, m, g), as
where p, m, g are, respectively, the momentum, mass and coupling constant associated to a state in a non interacting configuration, as for instance, for systems that are so apart of each other that interaction is null in all practical aspects. The effective mass and effective coupling,m andḡ respectively, are obtained when interaction is considered. A direct consequence of the equation above is the renormalization group equation
where
is known as beta function and gives the logarithmic ratio in which the coupling varies with the scale, and γ is related to the change of scale of the interacting fields.
Consider an initial free state |Ψ o . Its time dependent evolution is given by
where H is the Hamiltonian operator. In the irreducible representation, each interaction is represented graphically by a proper vertex, while lines represent effective partons for which self-interaction is included through an effective mass. In the following, parton means effective parton, and interaction means proper vertex. We introduce new states, |Ψ n , such that
and
These new states are those with a well defined number of vertexes, or interactions. The sum in equation above is taken over all possible configurations with n vertexes. The number of particles created is not necessarily equal to n, since some of the particles are created at high orders of perturbative calculation. So we introduce the states |ψ N with well defined number of particles created, N . These states are
The states |ψ N are autovectors of H o with fixed number of particles, N . Of course Ψ n |ψ N = 0 whenever N > M (n), and Ψ N |Ψ N = δ N N . Since the number of partons is fixed and they do not interact but by contact interaction, the states |ψ N can be understood as the states of an ideal gas of N partons. Therefore
where m i and p i are the mass and momentum of the i partonic state, and γ i represents all relevant quantum numbers necessary to completely characterize the partonic state. S is the symmetrization operator acting over fermions and bosons. In the case of hot systems the momentum of the effective partons varies continuously, S gives a negligible modification of the single parton states, so mass and momentum of each parton can vary independently, as far as the total energy is conserved. As a consequence of the large number of possible ways to obtain N particles in the final state, the actual process that leads to a particular state |ψ N is not relevant, and statistical methods can be applied. For instance, the probability to find a state where at least one parton has mass between m o and m o + dm o , and momentum coordinates between p oi and p oi + dp oi , is given by matrix elements of the type
o is the energy of one parton in a system with an arbitrary number of partons. Initially, we assume the particles form an ideal gas and ignore that they have a fractal structure. We also assume, for reasons that will become clear below, that the energy of the N particle system may fluctuate according to a probability density P (E). In this case we can show that
The assumption that the particles have no internal structure and that the system behaves like an ideal gas is not strictly valid, since in the actual case particles present a fine structure with scaling and self-similarity, that is, they have a fractal structure (see Figure 1 ). The internal degrees of freedom share part of the total energy available, and thus distort the distribution of energy. Our next step is to include the effects of the fractal structure into the distribution obtained above. The probability density P N , when it is written in terms of scale independent quantities, must be identical for all effective partons, since these systems are self-similar objects, therefore P N must be independent of the number of particles, N , and on the order of perturbative calculation, n. The scaling property also imposes that the ratio between the energy ε o of a parton and that of its parent parton, E, must be the same for all partons, independently of N and n. Therefore we can write
with ε/Λ being independent of the level in the fractal structure. The self-similarity among the partons implies that the probability that the parent parton with mass E inside a larger system with mass M is similar to the probability given in Eq. (10), as represented in Figure 1 (a), so we write where, α is the number of degrees of freedom of the fractal structure in the system with energy M. Since part of the fractal structure corresponds to the N particles we are considering apart, only a fraction ν of the degrees of freedom that remains to be added to the fractal structure , as schematically shown in Fig 1(b) . Then we can write for the probability density
which includes some characteristics of the ideal gas behavior, but takes into account fractal degrees of freedom. Substituting Eq (12) into Eq. (10), and using self-similarity of fractals to identify
where the parameter ν ≤ 1 represents the fraction of the total number of degrees of freedom of the state |ψ N , when it is considered as a constituent of a larger system. We can introduce the parameters q such that
with q > 1, and Λ such that
where λ is a reduced scale, independent of the number of degrees of freedom relevant to the system, which gives the energy per degree of freedom and therefore can be interpreted as a kind of temperature. In terms of the new parameters we obtain
This result shows that the distribution of parton energy in a system governed by Yang-Mills fields depends only on the ratio between the parton energy, ε, and the energy scale per degree of freedom λ. Furthermore, the right hand side of Eq. (17) is exactly the q-exponential distribution commonly found in Tsallis non extensive statistics. The non additive entropy as the basis for a non extensive statistics was proposed by Tsallis in the late 80's [16, 17] and its effects have been explored since then, but they are not completely understood yet.
The q-deformed entropy functional that underlines non extensive statistics depends on a real parameter, q, that determines the degree of nonadditivity of the functional, and in the limit q → 1 it becomes additive and the standard Boltzmann-Gibbs entropy is recovered. Similar results have been obtained through a different approach using the concept of thermofractals, introduced in Ref. [25] and studied in details in Ref. [26] . There it is shown that the fractal structure leads to the non extensive statistics, and it is discussed the relations between thermofractals and Hagedorn's self-consistent thermodynamics developed to study high energy collisions [18, 19] , and that was extended to non extensive statistics [27] . Thus the fact that the non extensive statistics is obtained from considerations of the scaling properties and self-similarity in Yang-Mills fields, shows that Tsallis statistics should have been used in Hagedorn's theory, instead of Boltzmann-Gibbs statistics, and this is the reason Hagedorn's theory fails when confronted with high energy colisions data. Indeed, when the self-consistent thermodynamics is obtained by using the non extensive statistics it can describe more accurately the experimental observations of hadronic systems [27] . Our results show that Tsallis statistics emerges in YMF from the fact that the fields can be quantized into partons only if these partons present a complex internal structure similar to fractals. The meaning of the entropic index, in this case, is clear: Eq (15) shows that (q − 1) −1 gives the number of degrees of freedom relevant in the system. Observe that as the number of degrees of freedom increases, q → 1 and Boltzmann statistics is recovered as a limiting case. However, we will see that q can be calculated from the field theory parameters, and that for QCD the number of degrees of freedom is finite, so Tsallis statistics must be used.
The role played by the q-exponential in Eq. (17) is that of determining, stochastically, the values of effective masses and momenta of the particles generated at each vertex (see Fig 1b) . Therefore, the effective vertex should contain a term which is given by that q-exponential function, that is
we can compare the behavior of the effective coupling given above with the expected behavior of the QCD coupling as calculated in 1-loop approximation, where perturbative methods can be used to obtain the β-function. From Eq. (18) we get
and we emphasize thatÑ = 2. The beta-function for QCD is [11] 
where the parameters c 1 and c 2 are related to the number of colors and flavors by c 1 = N c and c
which, by comparison of Eqs. (19) and (20), leads to q = 1.14. From experimental data analysis [28-32] q = 1.14±0.01, showing good agreement between theory and experiments. The agreement found between experimental and theoretical values for q shows that the effective coupling obtained from considerations on the fractal structure of QCD is good agreement with the accumulated knowledge about strong interaction. The advantage of the effective coupling described by Eq. (18) is that it may be used in non perturbative calculations. Furthermore, it represents a reconciliation between QCD and Hagedorn's self-consistent approach. The results obtained here have shown that a system with fractal structure, similar to the thermofractals [25] , can be understood as a natural consequence of the scale invariance of gauge field theories. We give solid grounds for phenomenological approaches that have been used to describe hadron mass spectrum [30] and multiparticle production with non extensive statistics [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , which can explain the long tail distribution observed in multiparticle production. From the recurrence method used here we understand the reason why, even at small order of perturbative QCD calculation, it is possible to describe correctly the transversal momentum distributions measured at high energies by adopting Tsallis distribution [39] . The fact that an statistical interpretation of the field theory is possible, allows us to understand why the non extensive self-consistent theory is in good agreement with Lattice QCD calculations [40] .
It is possible to understand, from the considerations made here, that the fractal structure of YMF is the basis for investigations of hadron properties [41] , phase-transition in hot hadronic matter [42] , neutron stars [43] and cosmic-ray [44] . These phenomenological approaches are, in fact, implementations of scaling symmetries observed in Yang-Mills fields. The fractal structure also allows the understanding of the self-similarity [45] [46] [47] and scaling properties observed in high energy experimental data. In fact, these findings are direct consequences of the scaling properties of YMF, as discussed here. Moreover, the fact that the entropic index, q, is obtained from well-known field-theoretical parameters, the results we have obtained allows a new interpretation of Tsallis statistics in terms of fractal structure in the same lines it was obtained in thermofractals approach [48] .
The fractal structure presents at least one fractal dimension, the Haussdorf dimension, which was calculated for the case of thermofractals in Ref. [25] . The Haussdorf dimension can be calculated by using the box-counting technique [3] , where the dimension D is related to the number of boxes, N , necessary to completely cover all possible values for the measured quantity, whatever it is, and D t is the topological dimension, that is, the dimension expected for some quantity when there is no fractal dimension. At some scale r these quantities are related by [3] N r −D ∝ r −Dt .
In our case, D t = 1 is the dimension that describes how the total energy varies when the energy unit, r is modified, and N =Ñ n , where n is the layer in the fractal structure where the partons have energies of the order of λ. D is how the energy of the system components varies with r. We determine D by noticing that the average parton energy at a scale λ is ε = λ 2q − 1 .
Then, it follows that the fractal dimension is
where R = (q − 1)/(2q − 1) is the ratio between the average energy of the constituent fractal and the energy of its parent system. Using q = 1.14 andÑ = 2, it results D = 0.69, in good agreement with findings from intermittency analysis of high energy collision data [49] [50] [51] [52] [53] [54] [55] [56] . The fractal dimension gives the behavior of the parton energy with the energy scale, r, that is, while the total energy goes as E ∝ r −1 , the partons observed at scale λ have energies that depend on the scale as ε ∝ r −D . A more direct way to access the fractal dimension is the particle multiplicity. In fact, being M the particle multiplicity, we have
From the dimensional behavior obtained above, we get
For the case of hadrons, as we have seen, q = 1.14 and D = 0.69, so we obtain M ∝ E 0.31 , which is in excellent agreement with the result obtained for pp collision at high energy [57] , which gives, for a power-law fit, an exponent corresponding to 1 − D = 0.302.
In conclusion, we used scaling properties of Yang-Mills fields to show that fractal structures are expected to be formed in systems described by that theory. These structures lead to a thermodynamic description of the fields that follows Tsallis statistics, with the entropic index, q, being for the first completely determined in terms of the field theory parameters. We discuss that Hagedorn's self-consistent theory fails because the non extensive effects were not considered, and verify that our results confirm the phenomenological extension of Hagedorn theory by adopting Tsallis statistics, which was proposed in previous works in the context of thermofractals.
Another consequence of the fractal structure is that we obtain a recurrence formula which allows the determination of the effective coupling in terms of particle momentum and of a scale. The fractal dimension is also obtained in terms of q, and therefore also in terms of the field theory parameters. We use QCD as an exemple of application of the theory. The beta function describing the behavior of the effective coupling can be obtained for QCD in 1-loop approximation, due to asymptotic freedom, and in such approximation we compare the results of our theory with the begavior expected for perturbative QCD, obtaining a good agreement. As a result, we obtain q = 1.14, which is in good agreement with the value obtained from the analysis of experimental data from high energy collisions.
Haussdorff fractal dimension is calculated in terms of q, and for QCD results in D = 0.69, which is a value in agreement with those obtained from intermittency analyses for pp collisions. The fractal dimension is a manufestation of non extensivity which appears clearly in the behavior of the particle multiplicity as a function of the collisions energy. We show that multiplicity increases as a power-law of the collision enegly with exponent 1 − D, which gives 0.31 for QCD, again in good agreement with experimental data.
With the theory developed here, we explain self-similarity effects observed in multiparticle production in high energy collisions, as well as scaling properties of distributions obtained experimentally. Our results give a strong basis for phenomenological studies that have been used so far to explain experimental data from high energy collisions, as well as for phenomenological models that have been used to describe hadronic systems, such as nucleon structure and neutron stars. It also allows for a better understanding of the origins of non extensivity in high energy collisions and on the role of the entropic parameter, which is related here to the number of relevant degrees of freedom of the fractal structure.
Method
Consider that at an initial instant t 0 we have the system in an initial state |Ψ o which can be considered free in the sense that no interaction can take place. The time-dependent states Ψ can be written as
where H is the Hamiltonian operator. If H o is the Hamiltonian for free effective partons, for which self-interaction is already included by considering that the parton has an effective mass and interacts according to an effective coupling [4, 5] . The state |Ψ can be written as
where {n} represents the sum over all possible irreducible graphs with n interactions with the states |Ψ n corresponding to a fixed number, n, of interactions in the vertex function, such that
with t n > t n−1 > · · · > t 1 . Of course these states satisfy the relation Ψ n |Ψ n = δ n n . The number of particles in the state |Ψ n is not directly related to n, since high order contributions to the N particles states can be important, but certainly N ≤ M (n) := n(Ñ −1)+1, whereÑ is the number of particles created or annihilated at each interaction. In Yang-Mills field theoryÑ = 2.
1 We can introduce states of well defined number of effective partons, |ψ N , so that
where m i and p i are the mass and momentum of the i partonic state, and γ i represents all relevant quantum numbers necessary to completely characterize the partonic state. S is the symmetrization operator acting over fermions and bosons. Since the mass of the effective partons varies continuously, S gives a negligible modification of the single parton states, so mass and momentum of each parton can vary independently, as far as the total energy is conserved.
Assuming that a statistical approach can be used, the probability to find a particle with quantum numbers, mass and momentum given, respectivelly, by γ o , m o and p o is
The first bracket depends on the intensity of the interaction, determined by a coupling constant G, so
where P (E)dE is the probability to have the N particle system with energy between E and E + dE. The second bracket depends on the relative number of possibilities to get the configuration with N particles, so
with n C N (n) = 1 ,
with n ≥ N/(Ñ − 1). The last bracket in the expression above is calculated statistically by supposing that all possible configuration of the system have the same probability, and by counting the number of configurations with energy between E and E + dE and one particle with quantum numbers γ o , effective mass m o and momentum p o . . The result is
with
and ε o = p 0 o being the the particle energy. In most cases, including the cases of interest here, ε E. Noticing that
and observing that the last term in the right-hand side is approximately the unit, we can write
Observe that A(N ) ∝ (4N ) 4 for N sufficiently larger than unit, so the number of possible configurations increase fast with N . The maximum number of particle for a given number of interactions, n, is M (n) = n(Ñ − 1), so we can consider the probability for N particles generated in n interactions as
Substituting Eqs. (33), (34), (37), (40) and (41) into Eq. (32), we obtain Eq. (10). This result shows that for an ideal gas with finite number of particles, the probability depends on a power-law function of the ratio ε j /E.
